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Abstract
The fixed-stress splitting scheme is a popular method for iteratively solving the Biot equations. The method
successively solves the flow and mechanic subproblems while adding a stabilizing term to the flow equation, which
includes a parameter that can be chosen freely. However, the convergence properties of the scheme depend significantly
on this parameter and choosing it carelessly might lead to a very slow, or even diverging, method. In this paper, we
present a way to exploit the matrix structure arizing from discretizing the equations in the regime of impermeable
porous media in order to obtain a priori knowledge of the optimal choice of this tuning/stabilization parameter.
1 Introduction
Due tomany applications of societal consequence, ranging from life sciences to environmental engineering, simulation
of flow in deformable porous media is of great interest. A choice of a model is the quasi-static Biot equations, which
couples balance of linear momentum, and volume balance. In the most basic model, allowing only small deformations
and fully saturated media, the equations become linear. However, the coupled problem has a complex structure, and it
is not trivial to solve the full problem monolithically. On the other hand, there are many efficient solvers available for
both porous media flow and elasticity. Therefore, splitting solvers are a popular alternative, where one, often using
readily available software, solves the subproblems iteratively.
In order to ensure that such splitting solvers converge, a stabilizing term is added to one, or both, of the equations.
Choosing this term is important for the convergence properties of the scheme. Particularly, in problems with high
coupling strength, the number of iterations to achieve convergence varies significantly for different stabilizations. In the
fixed-stress splitting scheme, the original idea was to choose the stabilization term in order to preserve the volumetric
stress over the iterations, see [1], by adding a scaled increment of pressures to the flow equation. Convergence
was proved mathematically in [2] and later, using a different approach, in [3]. In [4], a range in which the optimal
stabilization term recides was provided theoretically, and verified numerically. Additionally, a numerical scheme to
find the parameter was proposed.
In this work, we continue the discussion on the optimal choice of the stabilization parameter of the fixed-stress
splitting scheme. Particularly, for the case of impermeable porous media, where the coupling strength is known to be
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high [5]. Moreover, we expect it to be relevant for the more general low-permeable case. To do so, we examine the
matrix structure of the linear problem that arises when we apply the fixed-stress splitting scheme for an idealistically
impermeable problem and realize this as a modified Richardson iteration. Using theory for the Richardson iteration,
we find the optimal stabilization parameter and discuss how to compute it. To summarize, the contributions are:
• Aproof that the fixed-stress splitting scheme can be posed as amodifiedRichardson iteration, with a link between
the optimal constant for the modified Richardson iteration and the stabilization parameter in the fixed-stress
splitting scheme.
• A discussion on how to compute this stabilization parameter.
It is also worth noticing that the fixed-stress splitting scheme can be derived using a generalized gradient flow
approach, [6], and can be combined with a wide range of discretizations, including space-time finite elements [7].
Moreover, it can be seen as a smoother for multigrid methods [8]. In [9], the authors derived a relation between
the fixed-stress splitting scheme and the modified Richardson iteration, and applied it as a preconditioner for Krylov
subspace methods for solving the monolithic problem.
2 The quasi-static linear Biot equations
The quasi-static linear Biot equations are a coupling of linear momentum balance and mass balance (see [10]):
−∇ · σ = f, (1)
∂tm
ρ
+ ∇ · q = Sf , (2)
where σ is the stress tensor of the medium, m is the fluid mass, ρ is the fluid density, q is the Darcy flux, and f and
Sf are the body forces and sources/sinks, respectively. Now, the St. Venant-Kirchhoff stress tensor for the effective
stress and Darcy’s law is applied:
σ = 2µε (u) + λ∇ ·uI − αpI, (3)
q = −κ (∇p − gρ) , (4)
where u is the displacement, ε (u) = 12
(∇u + ∇u>) is the (linear) strain tensor, µ, λ are the Lamé parameters, α is
the Biot-Willis constant, p is the fluid pressure, respectively, g is the gravitational vector and κ is the permeability.
The volumetric change is asserted to be proportional to the change in pore pressure and mechanical displacement;
∂tm
ρ =
∂
∂t
( p
M + α∇ ·u
)
, where M is a compressibility constant. Finally, we define initial conditions u(t = 0) = u0
and p(t = 0) = p0, and boundary conditions u|ΓN ,u = uD , σ |ΓN ,u = σN , p|ΓD,p = pD and q |ΓN ,p = qN , where
∂Ω = ΓD,u ∪ ΓN,u = ΓD,p ∪ ΓN,p , for a Lipschitz domain, Ω ⊂ Rd , d being the spatial dimension.
3 The discretized Biot equations in matrix form
Discretizing the Biot equations by e.g., conforming finite elements and implicit Euler in a two-field formulation (u, p)
(making the substitutions (3) and (4) in (1) and (2)), the resulting linear system in each time step can be written as
follows
2
(
A −B>
B C
) (
uh
ph
)
=
(
f
g
)
, (5)
where A is the linear elasticity matrix, B is the coupling matrix, C is the single-phase flow matrix, f and g correspond
to the body forces and sources/sinks, respectively, and uh and ph are the coefficient vectors for the discretized
displacement and pressure, respectively. For the rest of this paper, we consider an inf-sup stable finite element pair
(Vh,Qh). Furthermore, for impermeable porous media, the submatrix C reduces to 1M M, where M is the mass matrix.
4 The fixed-stress splitting scheme as a modified Richardson itera-
tion
As mentioned in the introduction, the fixed-stress splitting scheme adds a scaled incremental pressure to the flow
equation while eliminating its dependence on the displacement. For impermeable media, κ = 0, this results in the
following linear system (
A −B>
0
(
L + 1M
)
M
) (
∆ui
h
∆pi
h
)
=
(
f
g
)
−
(
A −B>
B 1M M
) (ui−1
h
pi−1
h
)
, (6)
where L is the stabilization parameter, i ≥ 1 is the iteration index, ∆ui
h
= ui
h
− ui−1
h
and ∆pi
h
= pi
h
− pi−1
h
.
Remark 1 (Optimality of alternative splitting). Notice that for impermable media, κ = 0, and particular discretiza-
tions, e.g., (P1, P0), the undrained split [11], will converge in one iteration. Nevertheless, our experience is that the
optimized fixed-stress splitting proposed here is superior for slight perturbations of the permeability.
In the original formulation of the fixed-stress splitting scheme [1] the constant L = α
2
Kdr
was chosen, where
Kdr =
2µ
d + λ, is the physical drained bulk modulus. Later, in [2], convergence was proved for L ≥ α
2
2Kdr . In [4],
an interval containing the optimal stabilization parameter, including both of the two aforementioned parameters, was
provided through mathematical proofs, and then verified numerically. We now show that the optimal parameter for
impermeable media is a value in this domain that is possible to compute a priori. For this, we need the mathematical
bulk modulus.
Definition 1. The mathematical bulk modulus, K?
dr
≥ Kdr , is defined as the largest constant such that
2µ ‖ε (uh)‖2 + λ‖∇ ·uh ‖2 ≥ K?dr ‖∇ ·uh ‖2 for all uh ∈ Vh . (7)
It is easily seen that the physical drained bulk modulus satisfies inequality (7), but generally the bound is not sharp.
Furthermore, by assuming that we have an inf-sup stable discretization we are able to define the following
parameter, β, that is important in finding the optimal L.
Lemma 1. Assume that the pair (Vh,Qh) is inf-sup stable. There exists β > 0 such that for any ph ∈ Qh there exists
a uh ∈ Vh satisfying 〈∇ ·uh, qh〉 = 〈ph, qh〉 for all qh ∈ Qh and
2µ ‖ε(uh)‖2 + λ ‖∇ ·uh ‖2 ≤ β ‖ph ‖2 . (8)
A proof of this lemma can be found in [4].
3
Theorem 1. For impermable media, κ = 0, the fixed-stress splitting scheme (6) can be interpreted as the modified
Richardson iteration
pih = p
i−1
h + ω
(
M−1g˜ −M−1Spi−1h
)
(9)
whereω =
(
L + 1M
)−1
, g˜ = g − A−1Bf, andS = 1M M+BA−1B> is the Schur complement. For the error eip := pih−ph
it holds for all i ≥ 1 〈
Meip, eip
〉
≤
I − ωM−1/2SM−1/22
2
〈
Mei−1p , ei−1p
〉
. (10)
From that, the optimal choice of ω is
ωopt =
2
λmax
(
M− 12 SM− 12
)
+ λmin
(
M− 12 SM− 12
) (11)
with the identifications
λmax
(
M−
1
2 SM−
1
2
)
=
1
M
+
α2
K?
dr
and λmin
(
M−
1
2 SM−
1
2
)
=
1
M
+
α2
β
,
where α is the Biot-Willis coupling constant, M is a compressibility coefficient, K?
dr
is the mathematical bulk modulus
and β is the constant from Lemma 1.
Proof. From (6) we have that
∆pih =
((
L +
1
M
)
M
)−1 (
g − Bui−1h −
1
M
Mpi−1h
)
(12)
and
ui−1h = A
−1f + A−1B>pi−1h . (13)
From the update of pressures in the fixed-stress splitting scheme we get the modified Richardson iteration (9)
pih = p
i−1
h + ∆p
i
h = p
i−1
h +
(
L +
1
M
)−1 (
M−1g˜ −M−1Spi−1h
)
.
To find the optimal choice of the parameter ω in (9) we modify the equation slightly by making the substitution
pi
h
= M− 12 p˜i
h
and multiply from the left by M 12 to get
p˜ih = p˜
i−1
h +
(
L +
1
M
)−1 (
M−
1
2 g˜ −M− 12 SM− 12 p˜i−1h
)
,
where M− 12 SM− 12 is symmetric. By the standard theory for the modified Richardson iteration [12], we conclude
the optimal tuning parameter (9) and corresponding rate (10). Now, to make the identification λmax
(
M− 12 SM− 12
)
=
α2
K?
dr
+
1
M
we consider Rayleigh quotients,
4
λmax
(
M−
1
2 SM−
1
2
)
= sup
p,0
p>M− 12 SM− 12 p
p>p =
1
M
+ sup
p,0,Au=Bp
u>Au
p>Mp
=
1
M
+ sup
0,ph ∈Qh
2µ ‖ε (uh)‖2 + λ ‖∇ ·uh ‖2
‖ph ‖2
,
where uh ∈ Vh solves
2µ 〈ε (uh) , ε (vh)〉 + λ 〈∇ ·uh,∇ · vh〉 = α 〈ph,∇ · vh〉 for all vh ∈ Vh,
for given ph ∈ Qh . Testing with vh = uh we have
2µ ‖ε (uh)‖2 + λ ‖∇ ·uh ‖2 = α 〈ph,∇ ·uh〉 ≤ α ‖ph ‖ ‖∇ ·uh ‖
≤ α√
K?
dr
‖ph ‖
√
2µ ‖ε (uh)‖2 + λ ‖∇ ·uh ‖2
by the Cauchy-Schwarz inequality and the definition of K?
dr
. This implies that
λmax
(
M−
1
2 SM−
1
2
)
=
1
M
+
α2
K?
dr
.
For the identificationλmin
(
M− 12 SM− 12
)
=
1
M
+
α2
β
, recognize thatλmin
(
M− 12 SM− 12
)
=
1
M
+λmin
(
M− 12 B>A−1BM− 12
)
,
and consider the algebraic form of Lemma 1,
∃β ∀ph ∃uh : u>hAuh ≤ βp>hMph and
1
α
B>uh = Mph . (14)
Moreover, recognize that for inf-sup stable discretizations B>A−1B is invertible. Let u˜h be the minimizer of{
u>
h
Auh :
1
α
B>uh = Mph
}
. Finding the saddle point using the Lagrangian
L (uh,Λ) = u>hAuh + Λ>
(
1
α
B>uh −Mph
)
we get the solutions Λ = 2α2
(
B>A−1B
)−1
Mph and u˜h =
1
2α
A−1BΛ = αB−>Mph . Hence, the minimizer satisfies
u˜>hAu˜h = α
2p>hM
(
B>A−1B
)−1
Mph .
From (14) we get, with uh depending on ph as above,
β = supph,0
u˜>
h
Au˜h
p>
h
Mph
= α2 supph,0
p>
h
M
(
B>A−1B
)−1
Mph
p>
h
Mph
= α2 supph,0
p>
h
M 12
(
B>A−1B
)−1
M 12 ph
p>
h
ph
= α2λmin
(
M− 12 B>A−1BM− 12
)−1
.
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As a result of Theorem 1 we get the optimal stabilization parameter Lopt = α
2
2
(
1
K?
dr
+ 1β
)
, which includes
information on the boundary conditions.
4.1 Computing the optimal stabilization parameter
There are two main options now for finding the optimal stabilization parameter. One could estimate K?
dr
by Kdr
and find β by some table search of inf-sup constants, but our experience is that this generally is not good enough.
Therefore, we suggest to approximate the eigenvalues λmax
(
M− 12 SM− 12
)
and λmin
(
M− 12 SM− 12
)
using the power
iteration [12] or some other cheap inexact scheme for finding maximal and minimal eigenvalues. Notice that this is
possible to do without explicitly computing S. Also, the computation of K?
dr
is relatively cheap while the computation
of β is not – it involves applying the fixed-stress splitting scheme with a non-optimal stabilization parameter. We
suggest using coarse approximations of both to define an approximation of Lopt. This approximation can be expected
to still yield relatively good performance of the fixed-stress splitting scheme.
5 Numerical examples
We test Theorem 1 numerically including the optimality of the proposed stabilization parameter. For this, we consider
a unit square test case with source terms that enforce parabolic displacement and pressure profiles and zero Dirichlet
boundary conditions everywhere, but at the top boundary for the momentum balance equation where zero Neumann
conditions are considered, see Figure 1(b) or [4] for a more thorough explanation. We choose the parameters from
Table 1. The choice of the extreme values M = ∞ and κ = 0 mimics the limit scenario of incompressibility and
impermeability. In this regime, the coupling strength of the Biot equations as defined by [5] is infinite, and we consider
the test a suitable stress test.
For fixed physical parameters, we test the performance of the fixed-stress splitting scheme employing different
tuning parameters. For the inf-sup stable P2-P1 discretization, the average number of iterations is presented in
Figure 1(a). Notice especially that the proposed optimal stabilization parameter truly is optimal.
Name Symbol Value
Lamé parameters µ, λ 41.667 · 109, 27.778 · 109
Permeability and compressibility κ, 1M 0, 0
Temporal parameters t0, τ, T 0, 0.1, 1
Biot-Willis coefficient α 1
Relative error tolerance r 10−6
Inverse of mesh size diameter 1/h 16, 32, 64, 128
Table 1: Table of coefficients
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Figure 1: Average number of iterations per time step for different stabilization parameters, L = α2D , using parameters
from Table 1. The dashed lines highlight the location of the tuning parameter, Lopt, computed using fine tolerances in
the power iteration.
6 Conclusions
In this work, we derived mathematically a way to a priori determine the optimal stabilization parameter for the
fixed-stress splitting scheme using the theory for the modified Richardson iteration. This optimal parameter involves
the computations of maximal eigenvalues for rather large matrices. However, they do not need to be computed to high
accuracy. Through a numerical experiment, we showed that the proposed stabilization parameter is optimal for this
problem.
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